Everyone who has studied international equity returns has noticed the episodes of high volatility and unusually high correlations coinciding with a bear market. We develop quantitative models of asset returns that match these patterns in the data and use them in two quantitative asset allocation analyses. First, we show that the presence of regimes with different correlations and expected returns is difficult to exploit with within a global asset allocation framework focussed on equities. The benefits of international diversification dominate the costs of ignoring the regimes. Nevertheless, for all-equity portfolios, a regime-switching strategy out-performs static strategies out-of-sample. Second, we show that substantial value can be added when the investor chooses between cash, bonds and equity investments. When a persistent bear market hits, the investor switches primarily to cash. This desire for market timing is enhanced because the bear market regimes tend to coincide with periods of relatively high interest rates.
allocation program. The optimal equity portfolio in the high volatility regime is likely to be very different (for example more home biased) than the optimal portfolio in the normal regime.
When bonds and T-bills are considered, optimally exploiting regime switching may lead to portfolio shifts into bonds or cash when a bear market regime is expected. In this article, we illustrate concretely how the presence of regimes can be incorporated into two asset allocation programs, a global asset allocation setting (with 6 equity markets, and potentially cash) and a market timing setting for US cash, bonds and equity.
There exists some related previous work. Clarke and de Silva (1998) show how the existence of two "states" (their terminology) affects mean variance asset allocation, but the article is silent about how the return characteristics in the two states may be extracted from the data. Ramchand and Susmel (1998) estimate a number of regime switching models on international equity return data, but do not explore how the regimes affect portfolio composition. Das and Uppal (2001) model jumps in correlation using a continous time jump model and investigate the implications for asset allocation. However, these jumps are only transitory and cannot fully capture the persistent nature of bear markets. Our work here builds mostly on the framework developed in Ang and Bekaert (2002a) , who investigate optimal asset allocation when returns follow various regime switching processes. Their article restricts attention to returns from the US, UK and Germany.
It is important to realize that we did not try to mine the data or attempted to estimate a large number of different models. Instead, we proposed two general forms of models, estimated these models together with a number of simpler nested models and performed asset allocation.
We also made a number of modelling choices that simplified the application of our models to asset allocation, even though they may adversely affect the performance of the models. It is our opionion that somewhat more complex RS models may substantially outperform the models we discuss here. In the conclusions, we reflect on the most fruitful extensions to our framework.
Data
In our first application, we focus on a universe of developed equity markets for a US based investor. Apart from North-America (Canada and the US), we consider the UK and Japan as two large markets, the euro-bloc (which we split into two, large and small markets) and the Pacific ex-Japan. Table 1 Table 2 reports some simple characteristics of the equity data. We measure all returns in dollars. These return properties may play a large role in mean-variance based asset allocations. For example, it is immediately apparent that the use of historical data may lead to relatively large weights to Europe small, because it has witnessed relatively high returns with relatively low volatility, primarily because these small European markets represent a very diversified portfolio of economic exposures. In actual asset allocation programs, constraints could be imposed to keep expected returns closer to returns consistent with for example a market capitalization weighted benchmark (see Black and Litterman, 1992 ).
In our second application, we restrict attention to US returns, allowing for the US investor to time between cash (one month T-bills), 10-year bonds and the US stock market. Here we have a large sample available starting in January 1952. The second panel in Table 2 shows that bonds earned a premium of about 1.34% over the sample period with a standard deviation of about 9%, whereas stocks earned a 7.37% premium with a standard deviation of 14.33%.
Regime-Switching Beta Model

Description of the Model
To illustrate how regime switching models work, we use the simplest possible model. We hypothesize that there is only one world regime, which drives all other markets. The equation for the world equity return, in excess of the US T-bill rate), is: 
If the portfolio manager knows the regime, the expected excess return for the world market next period will be either:
when the regime realization today is ¥ ¦ 7 )
, or
when the regime realization today is ¥ ¦ B 9 .
The econometrician does not know the regime and he will try to infer from the data in what regime we are at each point by constructing the regime probability, which is the probability that tomorrow's regime is the first regime given current and past information. In this simple model, his information set consists simply of the international equity returns data. Regime probabilities play a critical role in the estimation of RS models, which uses maximum likelihood techniques (see Hamilton, 1994; Gray, 1996; and Ang and Bekaert, 2002b) or Bayesian techniques (see Albert and Chib, 1993) .
The model also embeds time-varying volatility for the world market return, which consists of two components. For example, if the regime today is the first regime, the conditional variance for the world market excess return is given by:
, then the conditional variance is:
The first component in these equations is simply a weighted average of the conditional variances in the two regimes; the second component is a jump component that arises because the conditional mean is different across regimes.
The economic mechanism behind a world market regime is likely the world business cycle.
Stock markets may be characterized by larger uncertainty and lower returns when a global recession is anticipated, as was the case in 2001. It may be that there are also country specific regimes, but we will not allow regime switching in idiosyncratic country behavior. betas, and/or regime switching idiosyncratic volatilities) fit the data better but some estimations are ill-behaved and it was often difficult to make inferences about the regime in such models. Table 3 contains the actual estimation results for the model in equations (1)- (7). The first regime is a normal, quiet regime, where world excess returns are expected to yield 0.90% per month (10.8% annualized ), with 2.81% (9.73% annualized) volatility. However, there is also a volatile regime (5.04% innovation variance) with a lower mean, namely 0.13%. The latter parameter is not significantly different from zero. The parameter¨p is also not significantly positive but it is larger than the expected excess equity return in the low volatility regime.
Consequently, the expected returns for high beta assets are lower than for low beta assets in this regime (the security market line has negative slope). The betas are estimated very precisely and their magnitudes seem economically appealing. The only surprise is that Japan, which has a rather low average return in the data, nevertheless gets assigned a high beta. However, Japan has the highest volatility of all the equity returns we consider (see Table 3 ), which the model fits through a high beta and a high idiosyncratic volatility (the highest idiosyncratic volatility across all markets). Moreover, the ) S R h e p term decreases the expected return of Japan, whereas it increases the expected return of most other countries. Table 4 (Panel A) shows that the expected return for Japan implied by our model is the highest of all markets in the normal regime, but by far the lowest in the bear market regime. The lowest idiosyncratic volatility is observed for North America followed by Europe small, the two markets with the lowest overall volatility in the data. Figure 1 shows the cumulative (total) returns on the 6 markets over the sample period and the ex-ante and smoothed regime probabilities. The former is the probability that the regime next month is the low volatility world market regime given current information, the latter is the probability that the regime next month is the low volatility regime given all of the information present in the data sample. Notable high volatile bear markets are the early 1980's, the period right after the October 87 crash, the early 1990's and a period in 1999. Overall, the stable (or unconditional) probability of the normal regime is 53%.
One feature of our model we have not emphasized yet, is that it is expressed in terms of simple excess returns. In other work (Ang and Bekaert, 2002a) , we expressed the model, perhaps more reasonably, in logarithmic terms. Logarithmic returns constrain actual returns to be bounded at -100% but complicate the link between the RS model and expected returns used in the asset allocation optimization. Simple excess returns also provide a tighter link with a standard CAPM model.
Asset Allocation
Even in this simple model, the first and second moments vary through time. Consequently, investors with different horizons may hold different portfolios. However, Brandt (1999) and Ang and Bekaert (2002a) , among others, show that the differences across these portfolios are not large and we ignore them in the present paper. Instead, we use a simple mean-variance optimization with monthly rebalancing, consistent with the data frequency.
We have discussed the conditional expected return and conditional variance of the world market return above. To derive the expected returns and covariance matrix for the returns on the available assets, we must introduce additional notation. Let the variance covariance matrix of our 6 risky securities, conditional on today's regime, be denoted by 
Expected returns differ across individual equity indices only through their different betas with respect to the world market. In Table 4 , Panel A, we report the implied expected excess returns for the six markets. Because the betas are close to 1, the expected returns are close to one another in the normal regime. In the bear market regime, expected excess returns are dramatically lower and there is more dispersion, with the UK and Japan now having the lowest expected excess returns. In this regime, the zero beta excess return is higher than the excess return on the world market, causing the high beta countries to have lower expected returns.
The variance covariance matrix has three components. First, there is an idiosyncratic part that we capture in a matrix , where is a matrix of zeros with s e T along the diagonal.
Second, the differences in systematic risk across the different markets and the correlations are completely driven by the variance of the world market and the betas as in any factor model.
However, because the world market variance next period depends on the realization of the regime, we have two possible variance matrices for the unexpected returns next period:
Third, the actual covariance matrix today takes into account the regime structure, in that it depends on the realization of the current regime and it adds a jump component to the conditional variance matrix, which arises because the conditional means change from one regime to the other. As a consequence, the conditional covariance matrices can be written as:
where the subscripts indicate the current regime.
It is straightforward to show that this model structure implies that the correlations implied by 5 , the normal regime, will be lower than the correlations implied by T , the high volatility regime. Ignoring the jump terms, this property will be inherited by U 5 and U T as long as the regimes are persistent ( ' and 8 are greater than 0.5). Table 4 , Panel A confirms that this is indeed the case in the data. In fact, the correlations in regime 2 are on average some 20 percent higher.
The standard optimal mean-variance portfolio vector is given by:
where is the investor's risk aversion.
There are a number of ways we could implement mean-variance optimization. The first issue is that we have to specify the risk free rate. We choose to implement a nominal return framework, where each month the risk free rate is known and taken to be the 1-month T-bill.
Hence, the risk free rate varies over time as we implement the allocation program. The tangency portfolio, the 100% equity portfolio, will hence move over time as well. For a particular interest rate however, there are only two optimal all equity portfolios the investor would choose in this simple example, one for each regime. An obvious extension of the framework is to add state dependence by using predictor variables for equity returns. Our second application illustrates this possibility.
A second issue is that mean-variance portfolios, based on historical data, may be quite unbalanced (see Green and Hollifield, 1992; and Black and Litterman, 1992) . Practical asset allocation programs therefore impose constraints (short-sell constraints for example) or keep asset allocations close to the market capitalization weights, by partially using reverse-engineered expected returns. Although it is possible to do this in our application, we choose to not impose constraints at all, but we also show the mean-variance asset allocations based on purely historical moments.
Panel B of Table 4 shows the tangency portfolios (in regime 1 and regime 2) at an interest rate of 7.67%, the sample average. In the normal regime, the portfolio invests 42% of wealth in the US portfolio, which is not too far from the average relative market capitalization over the sample period. The European and Pacific indices are over-weighted relative to their market capitalizations, but the UK and Japanese markets are underweighted. There is even a small short position for the Japanese market. The high volatility of the UK and Japanese markets is the main culprit. Our model also slightly over-estimates the correlation between North America and Japanese returns relative to the data, which may explain the short positions in Japan.
In regime 2, the investor switches resolutely towards the less volatile markets, which includes North-America. This does not mean the portfolio is now home biased because the investor also invests more heavily in the European markets, allocating more than 50% of wealth to Europe small. The short position in Japan is now quite substantial, exceeding 50%. When we consider the optimal allocation using unconditional moments (implied from the regime-switching model), the optimal portfolio is nicely in between the two regime-dependent portfolios, still underweighting the UK and Japan relative to market capitalization weights.
It is important to note that these portfolios may never be observed during an actual implementation of the asset allocation program because the magnitude of the interest rate may also be correlated with the realization of the regime, an issue we address more explicitly in the second application. Figure 2 shows the essence of what taking regime switching into account adds to standard mean-variance optimization. The solid line represents the frontier using the unconditional moments, ignoring regime switches. The other frontiers are the ones applicable in the two regimes.
The frontier near the top represents the normal regime. The risk-return trade-off is generally better here, because the investor takes into account that, given the regime is persistent, the likelihood of a bear market regime with high volatility next period is small. At the average interest rate of 7.67%, the Sharpe ratio available along the capital allocation line (the line emanating from the risk free rate on the vertical axis tangent to the frontier) is 0.871. In the bear market regime, the risk-return trade-off worsens and the investor selects a very different portfolio, only realizing a Sharpe ratio of 0.268 with the tangency portfolio. When we average the moments in the two regimes, we obtain an unconditional frontier implied from the RS Beta Model. The best possible Sharpe ratio for this frontier is 0.505. Note that the world market portfolio (using average market capitalization weights) is inefficient; it is inside the unconditional frontier.
Theoretically, the presence of two regimes and two frontiers means that the regime-switching investment opportunity set dominates the investment opportunity set offered by one frontier (see also Clarke and de Silva, 1998). In particular, in regime 1, if an investor held the unconditional tangency portfolio, averaging across the regimes, this would yield a Sharpe ratio of only 0.619.
The investor could improve this trade-off to 0.871 holding the risk-free asset and the optimal tangency portfolio for this low variance regime. In regime 2, the unconditional tangency portfolio yields a Sharpe ratio of only 0.129, which could be improved to 0.268 holding the optimal tangency portfolio for the high variance regime.
However, to concretely implement the optimal asset allocation strategy, the parameters must be estimated from the available data. Because of sampling error and the possibility of model mis-specification, RS models may imperfectly match the true state-dependent moments, and out-performance for the RS model is no longer guaranteed. We show the results of two strategies, both starting with 1 dollar. The first strategy is an "in-sample" strategy assuming that we know the parameters estimated from the full sample and starts trading in Feb 1975. The regime strategy simply requires the risk-free rate and the realization of the regime. For the first, we simply take the available one-month Treasury bill. For the regime realization, the investor infers the regime probability from the current information. In particular, she computes:
which can be easily computed as a by-product of the optimization of the RS model. When this probability is larger than 1/2, the investor classifies the regime as 1, otherwise she classifies it as 2.
In Panel A of Table 5 , we show results for risk aversion parameters ( ) ranging from 2 to 10. The non-regime dependent allocations (static mean-variance using moments estimated from data) realize slightly lower returns, but do so at considerably lower risk than the regimedependent allocations. Hence, the regime-dependent model leads to lower in-sample Sharpe ratios than unconditional portfolios.
In Panel B of Table 5 , we focus on all-equity portfolios both in-sample over the whole sample period, and over an out-sample, over the last 15 years. In the out-of-sample analysis, the model is estimated up to time g , and the regime-dependent and non-regime dependent weights are computed using information available only up to time g . The model is re-estimated every month. The non-regime dependent strategy uses means and covariances estimated from data up to time g . Our performance criterion is again the ex-post Sharpe ratio realized by the various strategies. Over the in-sample, the regime-dependent model outperforms holding the market portfolio, but is in turn outperformed by the non-regime dependent portfolio. A major reason for the under-performance of the world market portfolio is the presence of a relatively large Japanese equity allocation in the world market. The regime-dependent portfolios probably underperform because they are too unbalanced, relative to the non-regime dependent portfolios.
Over the out-sample, from Jan 1985 to Dec 2000, the regime-dependent strategy's Sharpe Ratio is 1.07, more than double the out-sample world market portfolio Sharpe Ratio (0.52).
This is also higher than the non-regime dependent Sharpe Ratio (0.90). The regime-dependent strategy does so well because over this sample period the US market records very large returns and Japan performs very poorly. In fact, the US Sharpe ratio over the period is 0.65! In the normal regime, the all-equity portfolio for the regime-switching model has a very large weight on North America (see Panel B of Table 4 ). In the bear market regime, the regime-switching strategy has a very large short position in Japanese equities. Nevertheless, the out-performance is particularly striking for the last 5 years. It is also over the last 5 years that the RS strategy is particularly successful in out-performing the non-regime dependent strategy.
Given that this example is highly stylized, and our results intimately linked to a perhaps spe-cial historical period, we do not want to claim that the success of the RS strategy shown here is a good indicator for future success. The important conclusion to draw is that RS strategies have the potential to out-perform because they set up a defensive portfolio in the bear market regime that hedges against high correlations and low returns. This portfolio need not be completely home biased, and in our example still involves substantial net international positions. It is likely that in any practical implementation of a RS model, which relies less on historical moments, or is based on a different sample period, the optimal portfolios will be even more internationally diversified. In the recent work by Ang and Bekaert (2002a) , this is actually the case.
Regime Switching Market Timing Model
Description of the Model
Ang and Bekaert (2001) point out that there is significant predictive power in short rates for future equity premiums. In particular, when short rates are low, subsequent equity returns tend to be high. Hence, when a bear market regime is expected, the optimal asset allocation response may be to switch to a safe asset or a bond. The model we explore in this section considers asset allocation among three assets, cash, a 10 year (constant maturity) bond and an equity index (all for the US). We formulate the model in excess returns. We use d ¥ to denote the risk free rate (the nominal T-bill rate), d i h ¥ as the excess bond return and d f j ¥ as the excess return on US equity.
The Market Timing Model is given by:
where
The short rate follows an autoregressive process, but the constant term and the autoregressive parameter depend on the regime. Countless articles in the term structure literature (for example, 
Clearly, a good many models are a special case of (12) . The model accommodates time variation in expected returns through two channels: regime changes and interest rate variation. The predictive power of nominal interest rates for equity premiums has a long tradition in finance going back to at least Fama and Schwert (1979) . Recently, Ang and Bekaert (2001) show that the short rate is a robust predictor of excess equity returns in 5 countries and is more significant and robust that dividend or earnings yields.
Our specification of transition probabilities gives us another channel for predictability of a non-linear kind. We specify the transition probabilities to be a function of the short rate:
Consequently, the short rate helps predict transitions in the regime, providing an additional channel for time-variation in expected returns. We call the full model, Model I. Because of the presence of non-linear predictability through the transition probabilities, we also estimate a much simpler model (Model II) where k and¨h are constant across regimes and
The full estimation results for Models I and II are reported in Table 6 . Let's start with the parameters for the conditional variance. Clearly, the second regime is a high volatility regime. The standard deviations implied for the interest rate shock are 0.02% per month in the first regime versus 0.09% per month in the second regime; for shocks to the excess bond return the relative numbers are 6.07% and 13.79% per annum and for shocks to the excess equity return the regime-dependent standard deviations are 11.74% and 19.14% per annum.
Consistent with the previous empirical literature, the interest rate is much more mean reverting in the first regime, where the short rate is nearly a random walk ( l is 0.99 in the first regime versus 0.94 in the second regime). The drift of the short rate is higher in the second regime, which has the implication that interest rate realizations in the second regime correspond to large, rapidly mean-reverting, volatile interest rates. The constants and the betas in the excess return regressions are estimated with much error. The negative equity betas reflect the fact that low interest rates are typically associated with high expected excess equity returns.
The final set of parameters are the transition probability parameters and they are reported first in Table 6 . The coefficient 5 measures the dependence of the probability of staying in regime 1 on the interest rate and this dependence is very significantly negative. As interest rates rise, the probability of transitioning into the second high volatility and bear market regime becomes higher. Similarly, as interest rates move higher while in the second regime, the probability of staying in that regime increases. This coefficient is only borderline significant. However, when we put both coefficients equal to 0, the resulting model is strongly rejected by a likelihood ratio test. Hence, non-linear predictability is an important feature of the data.
Since the conditional mean parameters are estimated with little precision, we consider the much simpler Model II, where we set h h ¥ ¦ 0 h j ¥ ¦ x and we restrict the bond and equity return¨'s to be the same across regimes. The mean for the bond excess return now becomes positive (but still estimated with a lot of error), whereas the mean for the equity returns is an average of the estimates of the¨'s in the two regimes in Model I. A formal likelihood ratio test does not reject this model relative to the more intricate model. In this model, it is also the case that a model with constant transition probabilities is very strongly rejected. Whatever the predictability present in the data, it appears it is best captured by the non-linear predictability entering through the transition probabilities.
Note that there is only one regime variable in this model, and it is likely driven by regimes in short rates. An interesting question is whether regimes in short rates and equity returns are the same or different. It is actually possible to test this conjecture but we defer this to future work. If interest rate and equity return regimes are both driven by business cycle variation, they are likely positively correlated. The third graph in Figure 4 shows simultaneously the ex-ante regime probabilities from the interest rate model and from the RS Beta model. The correlation is not perfect but it is clearly positive.
Asset Allocation
We follow the same mean-variance strategy as in Section 3.2. The optimal asset allocation vector is a function of the expected excess returns on the two risky assets, the bond and equity and their covariance matrix. In this model, if the realization of the regime variable next period at time g ) is known, the means are given by:
However, the expected excess return today depends on the current regime and the probability of transitioning to either a¨5 ! ¥ or¨T ¥ realization:
The conditional covariances (conditional on the current regime) can be computed using the same reasoning as in Section 3. 
To obtain intuition on the asset allocation weights for this model, Figure 5 graphs the optimal asset allocations to bonds and stocks (which will add to 1 minus the weight assigned to the risk free asset) as a function of the short rate (risk free rate) level at the estimated parameters. We set the risk aversion level to ¦ B . Let us first focus on Model I (which may be over-parameterized)
in the top panel.
In regime 1, there is a very clear and almost monotone pattern. At low interest rates, the investor essentially shorts bonds and invests most of her wealth in stocks. This is because the equity premium at low interest rates is positive and large but the bond premium is negative. As the interest rate increases the bond premium increases ( h h is positive) and the equity premium decreases ( h j is negative). Moreover, the probability that the regime will transition to the second regime becomes higher and in the second regime, equities are relatively much less attractive.
When interest rates continue to increase, the probability of transitioning to second regime is very high and the investor starts to hedge against the bear market regime by investing in bonds.
At interest rates higher than 7%, the investor invests in bonds and cash and shorts the equity market. For Model I in regime 2, equities are much less attractive, but they are more attractive the lower the risk free rate. This is because the lower the risk free rate is, the less negative is the within-regime equity premium and the higher the probability of transitioning back into the normal regime. Consequently, the asset allocation pattern is similar to that observed for regime 1, but it is less extreme. Note that for an empirically relevant range of interest rates (between 3% and 6%), the short positions are not that large.
The bottom panel of Figure 5 focuses on the more parsimonious Model II. In this model, the bond and equity premium are positive and identical within regimes, but of course volatility is much larger in the second regime. In regime 1, if interest rates are low enough, the investor will borrow at the risk free rate and invest a small fraction of her portfolio in bonds and more than 100% in equities. As interest rates rise, equities become less attractive as the probability of switching to the high variance regime increases. Bonds also become less attractive and because the bond premium is very small, it quickly becomes optimal to short bonds. In the second regime, the investor always shorts bonds, but the investment in equities is never higher than 80%. The main hedge for volatility clearly is the risk-free asset, not a bond investment.
Because the interest rate is so important in this model, the optimal asset allocation varies substantially over time with different realizations of the interest rate. Figure 6 shows optimal asset allocation weights for all three assets across time for the full-sample. It is assumed that the investor uses the moments implied by the full sample estimation. The over-parameterization of Model I implies that in reality there are quite large confidence bands around the asset allocation weights shown in the top panel of Figure 6 . The asset allocations implied by Model I are much more extreme than those implied by Model II, but the equity allocations typically move in similar directions over time. Note that at the 1987 crash, the investor is heavily invested in equity. After the crash the investor shifts this equity portion into risk-free holdings.
What performance is associated with the asset weights shown in Figure 6 ? The answer is in Table 7 . We show mean returns, volatility and Sharpe ratios for following the optimal regime-dependent strategies for both models and compare it with a strategy that simply uses unconditional moments. Not surprisingly, the Model I strategy, featuring highly levered portfolios, yields higher returns but also much more volatile returns than the Model II strategy, which in turn delivers higher average returns but also higher volatility than a non-regime dependent strategy. This is true for all risk aversion levels. Nevertheless, the two regime-dependent strate- This superior performance may of course be due to look ahead bias, since we base our asset allocation on full sample moments. In an actual asset allocation context, the parameters have to be estimated with the available data. Therefore we also consider an out-of-sample exercise as in Section 3.2, starting in 1985. The results are reported in Table 8 . Not surprisingly, the Sharpe ratios drop for all strategies and become quite low for highly risk averse people. Now, the more parsimonious Model II is the best performing model in terms of Sharpe ratios, and it appears to add value relative to unconditional portfolios even out-of-sample. Figure 7 shows that the superior performance is not due to a few isolated months in the sample, but that the last 5 years do play an important role in giving the regime-dependent strategies an edge. During these years, both the Model I and Model II strategies allocate more money to equity and benefit handsomely from the US bull market. However, the Model I positions are more leveraged and although they have higher returns, they also have much higher volatility. In fact, for Model I with ¦ 9 , the investor actually goes bankrupt in the 87 crash, as the investor's leveraged equity position at this time exhausts her wealth.
Conclusion
There is much evidence in the academic literature that both expected returns and volatility vary through time, probably driven by the business cycle and monetary policy changes. Moreover, in high volatility environments across the world, equity returns become more highly correlated and do not perform very well. If this is true, active portfolio management should be able to exploit these regime changes to add value. In this article, we show how this can be done formally. Our results are meant to be illustrative. On the one hand, we exaggerate the performance of the models, because we do not take transaction costs into account. On the other hand, we greatly undersell the potential of regime switching models, because we did not at all try to estimate the best possible model, or do an extensive model search.
There is a long list of extensions that can be accommodated in the framework and are likely to improve performance. First, equity portfolio allocation programs typically are compensated based on tracking error relative to an index. Therefore, most active management start from expected returns according to a Black-Litterman (1992) or similar approach (reverse engineered from the benchmark) and only deviate minimally from the benchmark towards the predictions of a proprietary model. Instead, we have used only historical data. However, it is straightforward to build a Black-Litterman (1992) type equilibrium into the regime-switching model and into the estimation of the parameters.
Second, in international asset allocation, it is often the case that the equity benchmarks are hedged against currency risk. Ang and Bekaert (2002a) show that the regime switching beta model can be adjusted to allow both currency hedged and non-hedged returns. In that case, the asset allocation model yields the optimal currency hedge ratio.
Third, we have assumed that there is only one regime variable. However, it would be interesting to test whether there are country specific regimes, and whether the regimes in short rates and equity returns are less than perfectly correlated.
Finally, in the optimization we have only focused on first and second moments, but many investors prefer positive skewness and dislike kurtosis. Regime switching models have non-trivial higher order moments, because they can be interpreted as a model of time-varying mixture of normals. For investors with preferences involving higher order moments of returns, RS models are a viable alternative to consider.
Despite this long agenda for future research, our current results point to two robust conclusions. First, whereas it is possible to add value in all equity portfolios, the presence of a bear market high correlation regime does not negate the benefits of international diversification.
Although it is likely that portfolios in that regime are more home-biased, they typically still involve significant international exposures. Second, it may be most valuable to consider regime switching models in tactical asset allocation programs that allow switching to a risk-free asset. We report the regime-dependent means and covariances of excess returns implied by the estimates of the Regime-Switching Beta Model in Table 3 . Panel A reports the regime-dependent excess return means and covariances, where we list correlations in the upper-right triangular matrix in square brackets. All numbers are listed in percentages, and are annualized. Panel B reports the mean variance efficient (MVE) (tangency) portfolios, computed using an interest rate of 7.67%, which is the average 1-month T-bill rate over the sample). The Ave Mkt Cap denotes the average market capitalization, averaged across the sample. The top panel gives mean and standard deviation of total portfolio returns using optimal (regimedependent) for an all-equity portfolio and portfolios formed by different risk aversion levels over the full sample. We use the actual 1 month T-bill yield at time as the risk-free asset. In Panel B, we look at all-equity portfolio holdings both in-sample and on an out-sample of the last 180 months (Jan 1985 to Dec 2000). Over the out-sample, the model is estimated up to time , and the regimedependent and non regime-dependent weights are computed using information available only up to time . The model is re-estimated every month. The non-regime dependent strategy estimates means and covariances from data up to time . The Non-Regime Dependent Allocations are computed with static one-period mean-variance utility, using the returns up to time . The columns labeled 'World Market' and 'US' refer to returns on holding a 100% world market and 100% US portfolio, respectively. All returns are annualized and are reported in percentages. 
, where superscripts indicate the matrix elements corresponding to short rates (¹ ), long-term bonds (¯) and equity returns (º ). We present the mean, standard deviation and Sharpe ratios of out-of-sample returns following Model I, Model II and a naive non-regime dependent strategy over an out-sample of the last 15 years (Jan 1985 to Dec 2000) are used. Over the out-sample, the model is estimated up to time , and the regime-dependent and non regime-dependent weights are computed using information available only up to time We plot the mean-variance frontier of regime 1 (the world low variance regime), regime 2 (high variance regime), and the unconditional mean-variance frontier, which averages across the two regimes. The mean variance efficient (tangengy) MVE portfolios for each frontier are also marked. The mean and variance have been annualized by multiplying by 12. In computing the MVE portfolios, we assume an annualized risk-free return of 7.67%, the average 1-month T-bill rate over the sample. We also mark the position of the World Market as an asterix. We show the out-of-sample wealth for the value of $1 at Jan 1985 for the Market Timing Model I, Market Timing Model II, and the static mean-variance strategy.
